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Abstract
The generalized hyperharmonic numbersH
(p,q)
n are defined bymeans
of both the generalized harmonic and the hyperharmonic numbers. We
evaluate the Euler sums of generalized hyperharmonic numbers
ζH(p,q) (r) :=
∞∑
n=1
H
(p,q)
n
nr
in terms of the Euler sums of generalized harmonic numbers. Further-
more, we give evaluation formulas for several other series involving gen-
eralized hyperharmonic numbers.
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Keywords: Harmonicnumbers, hyperharmonic numbers, generalized
harmonic numbers, Euler sums, Riemann zeta function.
1 Introduction
Classical Euler sum ζH (r) is a special Dirichlet series with a numerator har-
monic number:
ζH (r) =
∞∑
n=1
Hn
nr
(so called harmonic zeta function). The famous Euler’s identity for this sum
is [15, 23]
2ζH (r) = (r + 2) ζ (r + 1)−
r−2∑
j=1
ζ (r − j) ζ (j + 1) , r = 2, 3, . . . . (1)
where ζ (r) is the classical Riemann zeta function. Many generalizations of
the Euler sums so called Euler-type sums are given using the generalization of
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the harmonic number instead of the harmonic number (see [25, 27, 29, 30]).
In the analytical number theory, calculation of Euler type sums and obtaining
closed forms is an active field of study. On the other hand [5, 7, 9, 10] are some
of the studies that make this area interesting; authors show that the Euler
sums have potential applications in quantum field theory and knot theory,
especially in evaluation of Feynman diagrams.
Taking into account the n-th partial sum of ζ (p) ,
H(p)n = 1 +
1
2p
+
1
3p
+ · · ·+
1
np
which is called the generalized harmonic number, Euler considered general
sums of the form [8, 12, 15]
ζH(p) (m) =
∞∑
n=1
H
(p)
n
nm
. (2)
One of the most important question here is to write Euler-type sums as
combinations of the Riemann zeta function as in (1). This problem has re-
mained important for various Euler-type sums from Euler to the present day.
It’s shown by Euler himself that, the cases of p = 1, p = q, p + q odd, and
for special pairs (p, q) ∈ {(2, 4), (4, 2)}, the sums of the form (2) have eval-
uations in terms of the Riemann zeta function (see [8, 12, 15]). There is a
very comprehensive literature on this subject, both theoretical and numer-
ical ([1, 4, 5, 13, 14, 12, 21, 25, 27, 29, 30]). One of these results; the Euler
identity (1) was further extended in the work of Borwein et al. [4]. For odd
weightN ≥ 3 and p = 1, 2, . . . , N − 2,we have [17, Theorem 1]
ζH(p) (N − p) = (−1)
p
[(N−p−1)/2]∑
j=0
(
N − 2j − 1
p− 1
)
ζ (N − 2j) ζ (2j)
+ (−1)
p
[p/2]∑
j=0
(
N − 2j − 1
N − p− 1
)
ζ (N − 2j) ζ (2j)− ζ (0) ζ (N) . (3)
Moreover, these so called ”linear Euler sums” satisfy a simple reflection for-
mula
ζH(p) (r) + ζH(r) (p) = ζ (p+ r) + ζ (p) ζ (r) . (4)
Considering nested partial sums of the harmonic numbers, Conway and
Guy ([11]), introduced hyperharmonic numbers for an integer r > 1 as
h(r)n :=
n∑
k=1
h
(r−1)
k (5)
with h
(1)
n := Hn. Hyperharmonic numbers are also important because they
are a step in the transition to the multiple zeta functions (see [19, 26]). Dil
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and Boyadzhiev [13] extended the Euler’s identity (1) to the Euler-type sums
of the hyperharmonic numbers:
ζh(q) (r) =
∞∑
n=1
h
(q)
n
nr
as
ζh(q) (r) =
1
(q − 1)!
q∑
k=1
[
q
k
]
×

ζH (r − k + 1)−Hq−1ζ (r − k + 1) +
q−1∑
j=1
µ (r − k + 1, j)

 (6)
where
[
q
k
]
is the Stirling numbers of the first kind and
µ (r, j) :=
∞∑
n=1
1
nr (n+ j)
=
r−1∑
k=1
(−1)
k−1
jk
ζ (r + 1− k) + (−1)
r−1 Hj
jr
. (7)
Formula (6) was the general form of the results obtained for some special val-
ues of q and r in the study of [21].
In this work we mainly concentrate on generalized hyperharmonic num-
bers which is a unified extension of generalized harmonic numbers and hy-
perharmonic numbers and defined as (see [14])
H(p,r)n :=
n∑
k=1
H
(p,r−1)
k , (8)
where
H(p,1)n := H
(p)
n andH
(1,r)
n = h
(r)
n .
Wederive the following recurrence relation according to q index forH
(p,q)
n :
(q − 1)H(p,q)n = (n+ q − 1)H
(p,q−1)
n −H
(p−1,q−1)
n . (9)
Thanks to the recurrence relation (9), H
(p,q)
n could be expressed in terms of
H
(p)
n . This enables the evaluation of Euler-type sums of generalized hyper-
harmonic numbers
ζH(p,q) (r) :=
∞∑
n=1
H
(p,q)
n
nr
in terms of the Euler sum ζH(p) (m), which is the main motivation of this re-
search. In fact, in [14], only a few special cases of ζH(p,q) (r) were studied. Re-
sult in [14] depending on a recurrence relation for H
(p,q)
n , and authors listed
those recurrences for at most q = 4. Later, Go¨ral and Sertbas¸ [16] showed that
the Euler sums of generalized hyperharmonic numbers can be evaluated in
3
terms of the Euler sums of generalized harmonic numbers and special values
of the Riemann zeta function but without clearly writing what the coefficients
are. Here wemanage to obtain a recurrence relation between generalized hy-
perharmonic and generalized harmonic numbers for a general q. In this way,
it is possible to calculate ζH(p,q) (r) using the known results for ζH(p) (m) as
(see Section 2):
ζH(p,q+1) (r) =
1
q!
q∑
m=0
m∑
k=0
(−1)k
[
q + 1
m+ 1
](
m
k
)
ζH(p−k) (r + k −m) .
In addition, a reflection formulawhich is the companion of (4), is obtained for
ζH(p,q) (r) .Moreover, we evaluate several infinite series involving generalized
hyperharmonic numbers which are stated in Section 3.
2 Euler sums of generalized hyperharmonic num-
bers
In this section, we present an evaluation formula for Euler sums ζH(p,q) (r)
under certain conditions. To state and prove our result we need some prelim-
inary results.
Our first result presents a reduction formula forH
(p,q)
n .
Lemma 1 Reduction relation of H
(p,q)
n according to the q index of is
(q − 1)H(p,q)n = (n+ q − 1)H
(p,q−1)
n −H
(p−1,q−1)
n . (10)
Proof. To prove we defineH
(p,q)
n (z) polynomial as
H(p,q)n (z) =
n∑
k=0
H
(p,q)
k z
k.
It is obvious thatH
(p,q)
n (1) = H
(p,q+1)
n .Ordinary generating function ofH
(p,q)
n (z)
is
∞∑
n=0
H(p,q)n (z) t
n =
Lip (zt)
(1− t) (1− zt)q
. (11)
This follows from the generating function of the numbersH
(p,q)
n
∞∑
n=0
H(p,q)n t
n =
Lip (t)
(1− t)
q (12)
and the definition ofH
(p,q)
n (z) . From (11), it can be seen that
z
d
dz
H(p,q)n (z) = H
(p−1,q)
n (z) + qzH
(p,q+1)
n−1 (z) . (13)
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On the other hand, we utilize (8) twice to find that
H(p,q)n =
n∑
k=1
H
(p,q−1)
k =
n∑
k=1
k∑
j=1
H
(p,q−2)
j
=
n∑
j=1
(n+ 1− j)H
(p,q−2)
j
= (n+ 1)H(p,q−1)n −
n∑
j=1
jH
(p,q−2)
j
= (n+ 1)H(p,q−1)n −
d
dz
H(p,q−2)n (z)
∣∣∣∣
z=1
,
or equivalently
d
dz
H(p,q−2)n (z)
∣∣∣∣
z=1
= (n+ 1)H(p,q−1)n −H
(p,q)
n
(8)
= nH(p,q−1)n −H
(p,q)
n−1 . (14)
Therefore, (13) and (14) yield the desired formula.
Our second result is on the expression of the numbers H
(p,q)
n in terms of
the numbersH
(p)
n and
[
q
j
]
r
. Here
[
q
j
]
r
denote the r-Stirling numbers of the first
kind defined by the ”horizontal” generating function [6, Theorem 21]
(x+ r) (x+ r + 1) · · · (x+ r + q − 1) =
q∑
j=0
[
q
j
]
r
xj . (15)
Theorem 2 Let p and q be integers with q ≥ 0. Then,
q!H(p,q+1)n =
q∑
k=0
(−1)
k
[
q
k
]
n+1
H(p−k)n . (16)
Proof. We utilize (10) on the right-hand side of
(q − 1) qH(p,q+1)n = (n+ q) (q − 1)H
(p,q)
n − (q − 1)H
(p−1,q)
n
and see that
(q − 1) qH(p,q+1)n = H
(p,q−1)
n {(n+ q) (n+ q − 1)}
−H(p−1,q−1)n {(n+ q) + (n+ q − 1)}+H
(p−2,q−1)
n .
Repeating this procedure we find that
(q − 2) (q − 1) qH(p,q+1)n
= H(p,q−2)n {(n+ q) (n+ q − 1) (n+ q − 2)}
−H(p−1,q−2)n {(n+ q) (n+ q − 1) + (n+ q) (n+ q − 2) + (n+ q − 1) (n+ q − 2)}
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+H(p−2,q−2)n {(n+ q) + (n+ q − 1) + (n+ q − 2)}
−H(p−3,q−2)n ,
and
(q − 3) (q − 2) (q − 1) qH(p,q+1)n
= H(p,q−3)n {(n+ q) (n+ q − 1) (n+ q − 2) (n+ q − 3)}
−H(p−1,q−3)n
{
(n+ q) (n+ q − 1) (n+ q − 2) + (n+ q) (n+ q − 1) (n+ q − 3)
+ (n+ q) (n+ q − 2) (n+ q − 3) + (n+ q − 1) (n+ q − 2) (n+ q − 3)
}
+H(p−2,q−3)n
{
(n+ q) (n+ q − 1) + (n+ q) (n+ q − 2) + (n+ q) (n+ q − 3)
+ (n+ q − 1) (n+ q − 2) + (n+ q − 1) (n+ q − 3) + (n+ q − 2) (n+ q − 3)
}
−H(p−3,q−3)n {(n+ q) + (n+ q − 1) + (n+ q − 2) + (n+ q − 3)}
+H(p−4,q−3)n ,
and finally
q!H(p,q+1)n =
q∑
k=0
(−1)
k
eq−k (n+ 1, . . . , n+ q)H
(p−k)
n . (17)
Here ek (X1, . . . , Xq) denote elementary symmetric polynomials in variables
X1, . . . , Xq defined by (see for example [20])
e0 (X1, . . . , Xq) = 1,
ek (X1, . . . , Xq) =
∑
1≤j1<j2<···<jk≤q
k∏
i=1
Xji , 1 ≤ k ≤ q,
ek (X1, . . . , Xq) = 0, k > q,
and have the identity
q∏
j=1
(x−Xj) =
q∑
j=0
(−1)
r−j
eq−j (X1, . . . , Xq)x
j .
Comparing this and (15) gives
eq−j (n+ 1, n+ 2, . . . , n+ q) =
[
q
j
]
n+1
. (18)
Hence, (16) follows from (17) and (18).
Now we give an expression for the r-Stirling numbers of the first kind in
terms of the well-known Stirling numbers of the first kind and binomial coef-
ficients.
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Lemma 3 We have [
n
k
]
r+1
=
n∑
m=k
[
n+ 1
m+ 1
](
m
k
)
rm−k (19)
Proof. From [6, Theorem 15]
∞∑
n=k
[
n
k
]
r+1
tn
n!
=
(− ln (1− t))
k
k! (1− t)
r
1
(1− t)
=
∞∑
j=k
[
j
k
]
r
tj
j!
∞∑
n=0
tn =
∞∑
n=0

 n∑
j=k
[
j
k
]
r
1
j!

 tn
we have
1
n!
[
n
k
]
r+1
=
n∑
j=k
[
j
k
]
r
1
j!
. (20)
We now use [22, Theorem 2.6][
n
k
]
r
=
n∑
m=k
[
n
m
](
m
k
)
rm−k
in (20) and deduce that
1
n!
[
n
k
]
r+1
=
n∑
m=k
(
m
k
)
rm−k
n∑
j=m
1
j!
[
j
m
]
.
Utilizing (20) for r = 0 gives (19).
Now, we are ready to state and prove our evaluation formula for Euler
sums of generalized hyperharmonic numbers.
Theorem 4 For p ≥ q + 1 and r > q + 1, we have
ζH(p,q+1) (r) =
1
q!
q∑
m=0
m∑
k=0
(−1)
k
[
q + 1
m+ 1
](
m
k
)
ζH(p−k) (r + k −m) .
Proof. From (16) and (19), we have
H(p,q+1)n =
1
q!
q∑
k=0
(−1)k
[
q
k
]
n+1
H(p−k)n
=
1
q!
q∑
k=0
q∑
m=k
(−1)
k
[
q + 1
m+ 1
](
m
k
)
nm−kH(p−k)n .
Multiplying both sides with n−r and summing over n from 1 to∞, we deduce
the desired result.
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Remark 1 Let us take q = 1 in Theorem 4, then we get (see [14, p. 7])
∞∑
n=1
H
(p,2)
n
nr
=
1∑
m=0
m∑
k=0
(−1)
k
[
2
m+ 1
](
m
k
)
ζH(p−k) (r + k −m)
= ζH(p) (r) + ζH(p) (r − 1)− ζH(p−1) (r) .
Result in [14] depending on a recurrence relation for H
(p,q)
n , and authors listed
those recurrences for at most q = 4. There is no such recurrence for a general
q. Therefore Theorem 4 is much powerful, because here we could write H
(p,q)
n
in terms of H
(p)
n , and as a result of this, evaluation of Euler sums of generalized
hyperharmonic numbers ζH(p,q) (r) reduces to evaluation Euler sums of gener-
alized harmonic numbers ζH(p) (r).
The following corollary and (3) show that ζH(p,q+1) (r) + ζH(r,q+1) (p) can be
written as a linear combination of Riemann zeta function.
Corollary 5 Let p > q + 1, r > q + 1 and p+ r be even. Then
ζH(p,q+1) (r) + ζH(r,q+1) (p)
= 2
(−1)
p
q!
q∑
m=0
m odd
m∑
k=0
[
q + 1
m+ 1
](
m
k
)
ζH(p−k) (r + k −m)
+
1
q!
∑
m=0
m even
m∑
k=0
(−1)k
[
q + 1
m+ 1
](
m
k
)
ζ (p+ r −m)
+
1
q!
q∑
m=0
m∑
k=0
(−1)
m+k
[
q + 1
m+ 1
](
m
k
)
ζ (p− k) ζ (r + k −m) .
Proof. Let (p+ r) be even. It is obvious from Theorem 4 that
ζH(p,q+1) (r) + ζH(r,q+1) (p)
=
1
q!
q∑
m=0
m∑
k=0
(−1)
k
[
q + 1
m+ 1
](
m
k
){ ∞∑
n=1
H
(p−k)
n
nr+k−m
+ (−1)
m
∞∑
n=1
H
(r+k−m)
n
np−k
}
.
Wewrite the right-hand side as
q∑
m=0
m odd
m∑
k=0
(−1)
k
[
q + 1
m+ 1
](
m
k
){ ∞∑
n=1
H
(p−k)
n
nr+k−m
−
∞∑
n=1
H
(r+k−m)
n
np−k
}
+
∑
0≤m≤q/2
2m∑
k=0
(−1)
k
[
q + 1
2m+ 1
](
2m
k
){ ∞∑
n=1
H
(p−k)
n
nr+k−2m
+
∞∑
n=1
H
(r+k−2m)
n
np−k
}
.
(21)
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By the reflection formula (4) we have
∞∑
n=1
H
(p−k)
n
nr+k−2m
+
∞∑
n=1
H
(r+k−2m)
n
np−k
= ζ (p+ r − 2m) + ζ (p− k) ζ (r + k − 2m) .
Moreover, for oddm, it can be seen from (3) that
∞∑
n=1
H
(p−k)
n
nr+k−m
−
∞∑
n=1
H
(r+k−m)
n
np−k
= 2 (−1)
p−k
ζH(p−k) (r + k −m)− ζ (p− k) ζ (r + k −m) .
Hence, we obtain the desired equation.
3 Evaluation of further series involving H
(p,q)
n
In this section, we offer evaluation formulas for some specific series involving
the harmonic number and its generalizations.
Proposition 6 We have
∞∑
n=1
H
(p,q)
n
n
(
n+q
q
) = ζ (p+ 1) (22)
and for m ≥ 1,
∞∑
n=1
H
(p,q)
n
(n+m)
(
n+m+q
q
) = (−1)p−1Hm
mp
+
p−1∑
i=1
(−1)i−1
mi
ζ (p+ 1− i) . (23)
Proof. Using the formula (see [18])
1∫
0
tn+m−1 (1− t)
q
dt =
1
(n+m)
(
n+m+q
q
) , (24)
we can write
H
(p,q)
n
(n+m)
(
n+m+q
q
) =
1∫
0
H(p,q)n t
n+m−1 (1− t)
q
dt.
With the help of (12), we get
∞∑
n=1
H
(p,q)
n
(n+m)
(
n+m+q
q
) =
1∫
0
tm−1Lip (t) dt =
∞∑
n=1
1
np (n+m)
.
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Form = 0,we have (22), i.e.,
∞∑
n=1
H
(p,q)
n
n (n+ 1) · · · (n+ q)
=
1
q!
∞∑
n=1
1
npn
=
ζ (p+ 1)
q!
.
Ifm ≥ 1, then (23) follows from (7).
Now, we deal with some special cases of this proposition. For p = 1 in
(22), we have Proposition 6 of [13]. (23) also yields [28, Eq. (2.30)] for q = 1.
Additionally, when p = 1 in (23), we reach the following :
Corollary 7 We have
∞∑
n=1
h
(q)
n
(n+m)
(
n+m+q
q
) = Hm
m
. (25)
It is worth noting that form = 1 in (25), we have [13, Proposition 5]
∞∑
n=1
h
(q)
n−1
n
(
n+q
q
) = 1.
Companion of this identity involving generalized harmonic numbers is given
in [28, Eq. (4.12)] by
∞∑
n=1
H
(p)
n
n
(
n+q
q
) = q∑
i=1
(−1)
i+1
(
q
i
)
×

ζ (p+ 1) + (−1)p+1
i−1∑
j=1
Hj
jp
+
p−1∑
l=1
(−1)l+1 ζ (p+ 1− l)H
(l)
i−1

 .
Wenow give the companion of (25) involving generalized harmonic numbers.
Proposition 8 For all integers m, p, q ≥ 1,
∞∑
n=1
H
(p)
n
(n+m)
(
n+m+q
q
) = q−1∑
j=0
(−1)j
j! (q − 1− j)!
×
{
(−1)
p−1
(m+ j)p
Hm+j +
p−1∑
k=1
(−1)
k−1
(m+ j)
k
ζ (p+ 1− k)
}
. (26)
Proof. Using (24) and 11, we have
∞∑
n=1
H
(p)
n
(n+m)
(
n+m+q
q
) =
1∫
0
tm−1Lip (t) (1− t)
q−1
dt
=
∞∑
n=1
1
np (n+m) (n+m+ 1) · · · (n+m+ q − 1)
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=∞∑
n=1
1
np
(
A0 (q)
n+m
+
A1 (q)
n+m+ 1
+ · · ·+
Aq−1 (q)
n+m+ q − 1
)
(7)
=
q−1∑
j=0
Aj (q)µ (p,m+ j) ,
where
Aj (q) =
(−1)
j
j! (q − 1− j)!
,
By aid of (16),
[
q
0
]
r
= r (r + 1) · · · (r + q − 1) and
[
q
q
]
r
= 1, when q = 2, (23)
becomes, for p ≥ 2,
∞∑
n=1
nH
(p)
n
(n+m)
(
n+m+2
2
) = ∞∑
n=1
H
(p−1)
n
(n+m)
(
n+m+2
2
) − ∞∑
n=1
H
(p)
n
(n+m)
(
n+m+2
2
)
+
(−1)
p−1
Hm
mp
+
p−1∑
i=1
(−1)
i−1
mi
ζ (p+ 1− i) .
Then, for q = 2, using (26) in the above gives
∞∑
n=1
nH
(p)
n
(n+m) (n+m+ 1) (n+m+ 2)
=
p−2∑
k=1
(−1)
k−1
(
1
2mk
−
1
2 (m+ 1)
k
)
ζ (p− k)
+
p−1∑
k=1
(−1)
k−1
2 (m+ 1)
k
ζ (p+ 1− k)
+
(−1)
p−1
2 (m+ 1)
p−1Hm+1 −
(−1)
p
2 (m+ 1)p
Hm+1 +
(−1)
p
2mp−1
Hm.
The general case of the left hand side of the above equation, i.e.,
∞∑
n=1
nrH
(p)
n
(n+m)
(
n+m+q
q
) , q > r + 1
may be evaluated via (26): set
I (r, q) :=
∞∑
n=1
nrH
(p)
n
(n+m) · · · (n+m+ q)
.
Then, with a simple manipulation, I (r, q) has the following recurrence for-
mula
I (r, q) = I (r − 1, q − 1)− (m+ q) I (r − 1, q) .
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Hence, evaluation of the series I (r, q) reduces to evaluation of the series
I (0, q − k) =
1
(q − k)!
∞∑
n=1
H
(p)
n
(n+m)
(
n+m+q−k
q−k
) , 0 ≤ k ≤ r.
Finally, as a consequence of Proposition 6, we have the following formula:
Corollary 9 We have
((−1)
p
+ 1) ζH (p+ 1) =
p−1∑
i=1
(−1)
i−1
ζ (p+ 1− i) ζ (i+ 1) . (27)
Proof. Setting q = 0 in (25) and (23), we see that
∞∑
n=1
1
n (n+m)
=
Hm
m
and
∞∑
n=1
1
np (n+m)
=
(−1)
p−1
Hm
mp
+
p−1∑
i=1
(−1)
i−1
mi
ζ (p+ 1− i) ,
respectively. We multiply both sides of the above equation by 1/m and sum
overm to complete the proof.
Substituting p→ 2p in (27) and r → 2p+1 in (1), we deduce that the sum of
products of odd zeta values can be evaluated in terms of Euler sum and even
zeta values as
2
p−1∑
j=1
ζ (2p+ 1− 2j) ζ (2j + 1) = (2p+ 3) ζ (2p+ 2)− 4ζH (2p+ 1) ,
and the sum of products of even zeta values also can be evaluated in terms of
even zeta values as
2
p∑
j=1
ζ (2p− 2j + 2) ζ (2j) = (2p+ 3) ζ (2p+ 2) ,
which apparently go back to Euler and rediscovered by Ramanujan [24] and
many others [2, 3, 31].
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